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Plan

® Growing random graphs: uniform linking

- Degree distribution
- Component size distribution

® Growing random graphs: popularity-driven linking
- Degree distribution

- Component size distribution
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Random Graphs: Uniform Linking
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® |nitial state: NV isolated nodes Pe,.cﬁation CondeLation
® Dynamical linking
|. Pick two nodes at random
2. Connect the two nodes with a link

3. Augment time t—>t+2LN

® Fach node experiences one linking event per unit time

Percolation: one component contains fraction of mass

Condensation: one component contains all mass

Percolation time is finite; Condensation time is divergent



Degree Distribution & Condensation

® Distribution of nodes with degree j at time ¢ is n;(t)
® |inking process is simple augmentation

ji—=j+1 o ‘. o
® |inear evolution equation o o 2 o
O c\.o
’ " o -1y O
dt o
® Degree distribution is Poissonian
o,
n;(t) = ﬁe

® |solated nodes disappear when N ng(t.) =1
t.>~InN

Condensation time diverges with system size



Component Size Distribution & Percolation

® Component = a connected set of nodes

® Merger rate = product of component sizes
]+ [4] —= [¢, 7] Ki; =17
® Nonlinear evolution equation

d 1
ko 2 Z 1jcic; — ke

dt 2
i-+j=k
® Component size distribution
1 L—1 —kt B 1 t <1
ck(t) = k.k!(kt) € ;kck_{lg t>1

® Percolation: finite clusters contain only fraction of mass

® Giant component with macroscopic size emerges

Percolation time is finite, independent of N



Two Phases
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Random Graphs: Popularity-Driven Linking
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® |nitial state: NV isolated nodes percolation condensation

® Dynamical “popularity-driven” linking,

|. Pick 2 nodes, each with probability proportional to degree

2. Connect the 2 nodes with a link

* Motivation: online social networks, friends seek and accept

friends according to popularity (facebook) e Albere 50
e Rich-gets-richer mechanism as in preferential attachment

* Hybrid between random graph and preferential attachment

Nature of percolation and condensation transitions!?



Degree Distribution

Distribution of nodes with degree j is n;

Linking process with linear linking rate

(i,)) 3 i+ 1,5+1)  Cij=(+1)(G+1)

Linear evolution equation

dn; W\ [ .
% = (1+ (4)) [J nj_1—(J+1) ng}
Exponential degree distribution J) =7 i ,

n; =(1—t)t

Isolated nodes disappear in finite time!

Rich gets richer may not produce broad distribution

Condensation in finite time!



Component Size Distribution

® Components are trees: total degree gives total links

® Merger rate = product of number of links g\k‘

1+ [m] =23 [[+m] K= (3 —2)(3m — 2)

® Closed nonlinear evolution equation

dck .
— :% Z(Sl—Z)(Sm—Z)clcm — (j+1)(3k—2)ck,
[+m=k

® Component size distribution

1 t<1/3
3k—3)! ,k—1 2k—1 _
Ck = k(!(2k—i)! (1=t ;kc’“ |

® Percolation: finite clusters contain only fraction of mass

® Second moment diverges ) k¢, = 1 — Z
k

Percolation time is smaller than condensation time!




Three Phases
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Average degree diverges
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size distribution

CL ~ k,—5/26—k/k*

precisely at
critical point

Cr ~ k'_5/2

Two successive finite time singularities!
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Generalized linking rates

® | Inking rate is a general power of degree

Cij = (17)°
® Average degree -
condensation time
t1/(1=2a) a<1/2, divergent
<]> ~ 6const.><t o — 1/2’
(to — )"/ 2e=1) 1/2 < a < 1. finite

® |nstantaneous condensation

te~ (InN)™7 when «a>1

Condensation time: divergent, finite, or; vanishing



Summary

® Popularity-driven evolution of a random graphs

® |inking rate is proportional to degree (rich-gets-richer)
® Degree distribution is exponential

® Percolation time is finite

® (Condensation time is finite

Outlook

® Cycle structure: number, size, distribution, etc.

® Analysis of condensate: cycles, shortest paths



